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Abstract. In this paper we study the asymptotic distribution of the cuspidal spectrum 
of arithmetic quotients of the symmetric space SL(n,R)/ SO(n). In particular, we obtain 
Weyl's law with an estimation on the remainder term. This extends some of the main 
results of Duistermaat-Kolk-Varadarajan ([DKV79]) to this setting. 
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1. Introduction 

Let G be a reductive algebraic group over Q, A the ring of adeles of Q, and uj a unitary 
character of Z(Q)\Z(A) where Z is the center of G. One of the fundamental problems in 
the theory of automorphic forms is to determine the spectral decomposition of the regular 
representation of G(A) on L^(G'(Q)\G'(A), u;). Langlands' theory essentially reduces the 
problem to the discrete part. There are deep conjectures of Arthur ([AG91]) which are 
aiming at the description of the discrete spectrum. However, these conjectures are out of 
reach at present. 
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One of the basic tools to study these problems is Arthur's trace formula. The main driving 
force behind Arthur's approach is the functoriality conjectures of Langlands. Consequently, 
the ability to compare the trace formula on two different groups is a key issue in Arthur's 
setup. 

On the other hand, it is natural to ask what spectral information on the group itself can 
be inferred from the trace formula in higher rank. For example, it is well-known that the 
dimension of the space of automorphic forms with certain square-integrable Archimedean 
components can be computed using the trace formula ([Lan63]). More generally, there is 
an exact formula for traces of Hecke operators on automorphic forms whose Archimedean 
component lie in a discrete series L-packet with a non-singular Harish-Chandra parameter 
([Art89]). (Cf. [GKM97] for a geometric counterpart.) 

In the realm of spectral theory, a basic problem is to study the asymptotic distribution 
of the infinitesimal characters of the Archimedean components of cusp forms with a fixed 
Xoo-type. In the simplest case one counts the Casimir eigenvalues of the Archimedean 
components of cusp forms. In fact, this was Selberg's motivation for developing the trace 
formula, with which he established the analogue of Weyl's law for the cuspidal spectrum of 
the quotient of the hyperbohc plane by a congruence subgroup [Sel56], [Sel89, p. 626-674]. 
This was extended to other rank one locally symmetric spaces by Reznikov [Rez93]. In 
higher rank, Duistermaat-Kolk-Varadarajan proved quite general results about the asymp- 
totic distribution of the spherical spectrum for compact locally symmetric spaces [DKV79] 
and in particular gave an upper bound on the complementary spectrum. (Weyl's law itself, 
with a sharp remainder term, was proved earlier for the Laplace operator of any compact 
Riemannian manifold by Avakumovic [Ava56] and this was generalized to any elliptic 
pseudo-differential operator by Hormander [Hor68].) The first example of a non- uniform 
lattice in higher rank was treated by S. Miller [MilOl] who proved that for SL(3, Z), the 
cuspidal spectrum satisfies Weyl's law and the tempered cuspidal spectrum has density 1. 
Analogues of the Weyl's law for an arbitrary K^-type were obtained by the second-named 
author for arithmetic quotients of GL(n), > 2 in [Mul07]. For the spherical spectrum, 
Lindenstrauss and Vcnkatcsh ([LV07]) showed that Weyl's law holds in great generality, 
proving a conjecture of Sarnak. 

Our main goal in this paper is to extend the results of [DKV79] (with a slightly weaker 
error term) to the case of arithmetic quotients of the symmetric space X of positive-definite 
quadratic forms in n > 2 variables up to homothety. In particular, we derive Weyl's law 
with a remainder term strengthening the result of [Miil07] (for the spherical case) . 

Now wc describe our results in more detail. Let G — GL(n). Let Aq be the group of scalar 
matrices with a positive real scalar, W the Weyl group and = 0{n). Let ncus(G'(A)) 
(resp. ndis(G(A))) denote the set of irreducible unitary representations of G(A) occurring in 
the cuspidal (resp. discrete) spectrum of L^(Ag'G(Q)\G(A)) (necessarily with multiplicity 
one, cf. [JS81b], [JS81a], [MW89]). Let a* = {(Ai,...,A„) e R" : = 0}. Given 

£ ndis(G'(A)), denote by Xt^^ e '^c/^ infinitesimal character of the Archimedean 
component tToo of tt and for any subgroup K of G{A) let be the space of invariant 
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vectors in the representation space of tt. We refer to §3 for normalization of various Haar 
measures and the Plancherel measure /3(A) on io* pertaining to Ag\G'(R). The adehc 
version of our main result is the following Theorem. 

Theorem 1.1. Let K — K^oKf where Kf is an open compact subgroup ofG{Af) contained 
in some principal congruence subgroup Kf{N) of level N > 3, and let fl C ia* be a W- 
invariant bounded domain with piecewise boundary. Then 

J2 _ vol(^.G(Q)\G(A)/A» r ^j^^ ^ ^ (,.-.(iogt)™.^(".3)) 

as t ^ oo where tfl = {tX: X E Q} and d = dimX. 

On the other hand for the ball Bf{0) of radius t in centered at the origin we have 

dim (Hf ) = Oif^-') 

A,rooeSt(0)\ia* 

as t —>■ oo. 



Thus, the complementary cuspidal spectrum, which, according to the Archimedean aspect 
of the Ramanujan conjecture for GL{n), is not expected to exist at all, is at least of lower 
order of magnitude compared to the tempered spectrum. Theorem 1.1 (with an appropriate 
power of logt, or perhaps even without it) is expected to hold for any reductive group G 
over Q (where cuspidal spectrum is not necessarily tempered in general). Although the 
method of proof in principle carries over to any G, there are some issues which at present 
we do not know how to deal with in general. 

One can rephrase Theorem 1.1 in more classical terms. Note that X — Ag\G{W) / — 
SL(n,]R)/ SO(n). Let T{N) C SL(n, Z) be the principal congruence subgroup of level N. 
Let Acus(r(A^)) ^ flc/^ be the cuspidal spectrum of the algebra of invariant differential 
operators of SL(n,M), acting in L^{T{N)\X). Given A G Acus(r(iV)), denote by m(A) the 
dimension of the corresponding eigenspace. 

Corollary 1.2. For N > 3 and fl as before we have 

(1.1) V m(A) = f p^x) dX + O {t'-'ilogtr^^'^''^) 



and 



[1.2) Yl ^(^) = o (^'"') 



AeAcus(r(Af)) 

AeSt(0)\io* 



as t ^ oo. 
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The symmetric space X is endowed with a Riemannian structure defined using the KiUing 
form. Taking the corresponding volume form and Laplacian operator A and applying 
Corollary 1.2 to the unit ball in ia* we get 

Corollary 1.3. Let 

be the counting function for the cuspidal eigenvalues < Ai < A2 < . . . ( counted with 
multiplicity) of A on r{N)\X, N >3. Then 

^^cus W ^4^y/2Y^d/2 + iy ^^^^ ^ 

as t ^ 00. 

The condition A'^ > 3 is imposed for technical reasons. It guarantees that the principal con- 
gruence subgroup r(iV) is neat in the sense of Borel ([Bor69]), and in particular acts freely 
on X. This simplifies the analysis by eliminating the contribution of the non-unipotent 
conjugacy classes. 

Our proof uses the method of Duistermaat-Kolk-Varadarajan ([DKV79]) who proved the 
same result (without the log factor in the error term) for any compact locally symmetric 
space. This simplifies and strengthens the argument of [MiilOT] where the heat kernel was 
used instead. 

In a nutshell, one has to show that for an appropriate family of test functions the main 
contribution in the trace formula comes in the geometric side from the identity conjugacy 
class, and in the spectral side from the cuspidal spectrum. Of course, in our case we have 
to consider the trace formula in Arthur's (non-invariant) form. 

The main new technical difficulty is the analysis of the contribution of the unipotent 
conjugacy classes ([Art85]). These distributions are weighted orbital integrals and they 
can be analyzed by the method of stationary phase, just like the ordinary orbital integrals 
(cf. [DKV83] for the semi-simple case). A mitigating factor is that all unipotent orbits in 
the case of GL(n) are of Richardson type, which somewhat simplifies the structure of the 
integral expression for these distributions. 

On the spectral side, we have to show that the contribution of the continuous spectrum 
is of a lower order of magnitude. (This point is non-trivial in general, because it is rarely 
expected to hold for non- arithmetic non- uniform lattices ([PS85], [Sar86], [PS92]).) This is 
done as in [MiilOT] by controlling this contribution in terms of Rankin- Selberg L-functions 
and using the analytic properties of the latter. 

In contrast, the method of [LV07] completely avoids the contribution of the continuous 
spectrum by choosing appropriate test functions. This is an ingenious extension of the 
so-called simple trace formula (cf. [DKV84]) where in its ordinary form the continuous 
spectrum is removed at the price of a positive proportion of the cuspidal spectrum ([LM04]). 
It would be interesting to see whether the ideas of [LV07] can be pushed further to give 
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tight upper bounds on the size of the continuous spectrum without appeahng to the theory 
of L-functions (which is not always available). 

The contents of the paper are as follows. We first give an outhne of the proof of the Weyl 
law with remainder for the case of SL2 in §2 by combining Hormander's method and the 
Selberg trace formula. The proof is not required for the higher rank case, but is given as a 
precursor for the general case (which is technically more difficult), in which Hormander's 
method is replaced by the method of Duistermaat-Kolk-Varadarajan and the Selberg trace 
formula is substituted by Arthur's trace formula. In §3 we recall some basic facts about 
harmonic analysis on X and the spherical unitary dual and introduce some notation. The 
main section is §4 where we explain the higher rank setup and reduce the problem to an 
estimation of the contributions to the trace formula of the non-trivial conjugacy classes 
on the one hand (to the geometric side) and the non-discrete part of the spectrum on the 
other hand (to the spectral side). These estimations are carried out in sections 5 and 6 
respectively. In the former we use the stationary phase method in its crudest form - that 
is, a simple application of the divergence theorem. In the latter we modify the analysis of 
[Miil07] to our setup. 

It is natural to generalize our results to give the asymptotic behavior of traces of Hecke op- 
erators on the space of Maass forms with a uniform error term. This will have applications, 
among other things, to the distribution of low-lying zeros of automorphic L-functions of 
GL(n) (cf. [ILSOO] for the case n — 2). We hope to pursue this in a forthcoming paper. 

Acknowledgement. We are grateful to Peter Sarnak for motivating us to work on this 
project and for generously sharing some key ideas with us. We would also like to thank 
Giinter Harder, Werner Hoffmann and Michael Rapoport for some helpful discussions and 
Stephen Miller for some useful remarks. Part of this work was done while the authors were 
visiting the Institute for Advanced Study in Princeton. The authors thank the IAS for its 
hospitality. 

2. The SL(2) case 

In this section we describe the main idea of the proof for the special case of r\EI. This has 
also been discussed in [Miil]. For the convenience of the reader we recall the main steps. 
The case of a hyperbolic surface was first treated by Selberg in [Sel89, p. 668] (cf. also 
[Hej76]). Our method is a combination of Hormander's method [Hor68] and the Selberg 
trace formula. 

Let r C SL(2,Z) be a congruence subgroup and let A be the Laplacian of the hyperbolic 
surface r\EI. Let Aq = < Ai < A2 < ■ • ■ be the eigenvalues of A acting in L^(r\EI). We 
write Aj = i + r| with Vj G M>o U [0, i]i. For A > let 

iV^(A)=#{j:|r,|<A} 
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be the counting function for the eigenvalues, where each eigenvalue is counted with its 
multiplicity. Note that any cigcnfunction with eigenvahic Xj > 1/4 is cuspidal. Therefore 
A'"^(A) = N^usW + ^ it suffices to study the asymptotic behavior of N^{X). 

We will write 0{X) for any quantity which is bounded in absolute value by a constant 
multiple of X. Sometimes we write Op{X) to indicate dependence of the implied constant 
on additional parameters, but we often suppress it if it is understood from the context. 

Next recall the Selberg trace formula [Sel56]. Let Ek{z, s) be the Eisenstein series attached 
to the k-th cusp. The constant term of its Fourier expansion in the l-th cusp is of the form 



l-s 



hiy^ + Cki{s)y 

Let C{s) = {Cki{s)) be the corresponding scattering matrix and let (f){s) = dct C(s). Let 
h e C^(]R) and h{z) = /i(r)e*''^ dr. Then h is entire and rapidly decreasing on horizontal 
strips. For t eR put 

ht{z) = h{t - z) + h{t + z). 

Symmetrize the spectrum by r_j := — r^, j G N. For simplicity we assume that F contains 
no elements of finite order. Then the trace formula can be applied to ht and gives the 
following identity. 

(2.1)^ 

y h{t - rj) ^ ^^^y / h{t-r)rteinh{nr)dr+y , h{l{^)) cos{tl{^)) 

ji^oo 2n ^ (M) ^^^^ 

2mln2 /i(0). 

Here m is the number of cusps of F\HI and {7}r runs over the hyperbolic conjugacy classes 
in F. Each such conjugacy class determines a closed geodesic of F\EI and ^(7) denotes 
the length of t^. Each hyperbolic element 7 is the power of a primitive hyperbolic element 
7o. Since h e C^(M), all series and integrals are absolutely convergent. 

We use this formula to study the asymptotic behavior of the left hand side as t — > 00. To 
this end we need to consider the asymptotic behavior of the terms on the right hand side. 
Using |tanh(a;)| < 1, a; e M, it follows that 



/ 



h{t — r)rta,nh{7rr) dr — 0{t), |t| — > 00. 



For the second term we observe that the sum over the hyperbolic conjugacy classes is 
absolutely convergent. Hence the sum is uniformly bounded in t. 
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Next consider the integral involving the scattering matrix. For the principal congruence 

subgroup r(A^) the determinant of the scattering matrix = detC(s) has been com- 
puted by Huxley [Hej76]. It has the form 

k 



4>{s) = i-lYA 



I /il-2s 



n 



L{2-2s,x) 
L{2s,x) ^ 



where k,l & 'Z, A > 0, the product runs over Dirichlet characters x to some modulus 
dividing N and L{s. x) the Dirichlet L-function with character x- Using Stirling's approxi- 
mation formula to estimate the logarithmic derivative of the Gamma function and standard 
estimations for the logarithmic derivative of Dirichlet L-functions on the line Re(s) = 1, 
we get 

(2.2) ^(l+i^)^0(log(|r|)), |r 



'2 



oo. 



This imphes 



/ 



,1 



h{t-r)^{- + ir)dr = 0{\og{\t\)), \t\ 



oo. 



In the same way we get 



(2.3) 



r' 



h(t - r)-(l + ir) dr = 0{\og{\t\)), \t\ ^ oo. 



The remaining terms are bounded as \t\ oo. Summarizing, we obtain 



(2.4) 



^ h{t-r,) = 0{\t\), \t\^oc. 



j=-oo 



This result can be applied to estimate the number of eigenvalues in a neighborhood of 
a given point A G M. As in the proof of [DG75, Lemma 2.3] choose h e C^(M) such 
that h > and /i > on [— 1, 1]. Now note that there are only finitely many eigenvalues 
Xj = 1/4 + r| with rj ^ M. Hence it suffices to consider the eigenvalues with rj e M. For 
A e R we have 

#{j : \rj - A| < 1, Tj e R} ■ mm{h{u) : |m| < 1} < ^ h{X - rj) 

which is 0(1 + |A|) by (2.4). It follows that 

#{j:|r,-A|<l} = 0(l + |A|) 

for all A e M. This local estimation is the basis of the following auxiliary result. Let h be 
even. Then 



(2.5) 



E 

kil<A 



-A,A] 



h{t — Tj) dt 



|r,|>A 



h{t - Tj) dt 



0(A) 



for all A > 1. The proof is elementary (see [Miil, Lemma 2.3]). 
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The next step is to integrate both sides of (2.1) over a finite interval (—A, A) and study the 
asymptotic behavior as A — cxd of the terms on the right hand side. To this end let p{r) 
be a continuous even function on M such that p(r) = 0(1 + |r|). Assume that h{0) = 1. 
Then it follows that 



/A /• /"A 
h{t - r)p{r) dr dt ^ p{r)dr + 0{X), A 
-A Jr J-X 



oo. 



[Mill, (2.10)]. Applying this to the functions p(r) = rtanh(7rr), ^(| + ir) and ^-(1 + i'^) 
respectively and using (2.2) and Stirling's formula we obtain 



/ I h{t-r)rteinh{7rr)drdt^X^ + 0{X), 
I I Ht-r)^il + ^r)drdt^O{XlogX), 
/ f h{t-r)^{l + ir)drdt^O{XlogX). 



The remaining terms on the right hand side of (2.1) stay bounded as t — > oo. Hence their 
integral is of order 0(A). Thus, it follows that for every even h such that h{0) = 1, we 
have 

(2.6) r hit - rj) dt = a2 + o(A log A) 

as A — > oo. 

We are now ready to prove Weyl's law. We choose h with h{0) — 1. Then the left-hand 
side of (2.6) is 

E f h{t-rj)dt- J2 I h{t-rj)dt+Y, f Ht - rj) dt. 
Using that h{t — r) dt = h{0) = 1, we get 



2A^^ 



/A r p\ 

J2kt-r,)dt+ J2 h{t-rj)dt-Y, h{t-T,)dt. 

■A i„ •^K-[-A,Al i„i^x>^-A 



|r,-|<A---l--'^l |r,-|>A- 

By (2.5) and (2.6) we obtain 

Ar^(A) = ^^4l^A^ + 0(AlogA). 
47r 
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3. Preliminaries for the higher rank case 

3.1. Fix a positive integer n and let G = GL(n), considered as an algebraic group over 
Q. Let Pq be the subgroup of upper triangular matrices of G, Nq its unipotent radical 
and Mq the group of diagonal matrices in G, which is a Levi subgroup of Pq. Let Aq be 
the group of scalar matrices with a positive real scalar, Koo = 0{n) and — SO(n). 
We recall some basic facts about harmonic analysis of Ag\G{M.) / Koo- For more details 
cf . [HelOO] . Let A be the group of diagonal matrices with positive real diagonal entries and 
determinant 1. Let 

Ag\G{R) ^ ANo{R)K^ 

be the Iwasawa decomposition. Let a be the Lie algebra of A and W the Weyl group. 
Then W acts on a and the Killing form gives a W^-invariant inner product, as well as a 
Haar measure, on a. Recall the function H : A(3\G(M) a defined by 

H{ex.p{X)nk) = X 

for X e a, n e No{R) and k e K^. Let p e a* be such that 5o(expX)5 = e^'''^^ for X e a 
where 5q is the modulus function of Po(K). 

We will fix Haar measures as in [DKV79, (3.29)]. Namely, on K^o and we take the 

probability measures. The Haar measure on o defined above gives rise to a Haar measure 
on A (through the exponential map) and on a* (the dual Haar measure). We transfer the 
latter to ia* in the obvious way. On Ai'o(M) we take the measure as in [ibid., p. 37] and on 
74(3\G'(R) we take the measure which is compatible with the Iwasawa decomposition. On 
quotient spaces (such as X) we take the corresponding quotient measures. 

Let 0A, A e be the spherical function given by Harish-Chandra's formula 
(3.1) M9)= f e^'^"'''^'^^^ dk = [ e<"+'''^('=^)> dA;. 

Let V{a*^Y^ be the space of 1^-invariant Paley- Wiener functions on a^. We will denote by 
C^(G(R) / /AqK^) the space of smooth bi-Afji^oo-invariant functions which are compactly 
supported modulo Aq- The Harish-Chandra transform 

n : CT{G{R)//AgK^) ^ 7^(0^)^ 

is defined by 

W)(A) = / /(a)0A(a) da. 

J A 

It is the composition of two maps: the Abel transform 

A : C^{G{n)//AGK^) ^ C~(a)^ 

defined by 

A{f){X) = 5o(expX)^/2 / /(expXn) dn, X e o 
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and the Fourier- Laplace transform 

h{X) = [ /i(X)e<^'^> dX, h e C^{a), A e a£. 

J a 

Thus = A{f). The Abel transform is an isomorphism which respects support in the 
following sense. Given i? > 0, put 

V{R) ^ {X e a:\\X\\ < R}, U{R) = K^ex^V{R)K^. 

Then for all h e C^°°(a)^ with supp(/i) C V{R) one has supp(^-^(/i)) C C/(i?). 

Let /3(A) = |c(A)c(p)~^|~^ be the Plancherel measure on ia*. The c-function is given 
by the Gindikin-Karpelevic formula cf. [DKV79, p. 46]. In our case, identifying o* with 
{(Ai, . . . , A„) e M** : X) = 0} we have 

l<i<j<n 

where we set 

r«(.) = ^-^/^r(./2), 4>{s)^^-^^^. 

For any h e C^(a) define 

(3.2) Bh{x) = j^J^ h{X)(l)_^{x)f3{X) dX. 

By the Plancherel theorem Bh e C^{G{R)/ /AqK^) and A{Bh) = where 



wew 



By Stirling's formula we have 



for Re ^ 0. We infer that 

(3.3) (3{X) = 0{m), Aeia*, 
where 

(3.4) ^(A) = n(l + l^^-^^l) 

i<j 

Moreover, for any ^ G a*, denoting by the directional derivative along ^, we have 

(3.5) D^m = {{I + \\X\\Y-^-') , Xeia* 

where r = dim a and d = dimX. In fact, the analogues of these bounds hold for any G 
- cf. [DKV79, §3]. Of course, in our case r = n — 1 and d = n{n + l)/2 — 1. It will be 
convenient to set 

P(t,X)^l[{t+\\-Xj\) 

i<j 
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SO that P{X) = A). Note that 

(3.6) Pit, X) = O {{t + , Xeia* 
and that 

(3.7) Pit, Ai + A2) = O (/3(t + IIAill, A2)) . 

3.2. If P is a parabohc subgroup of G containing Mq then it is defined over Q (since 

G is spht) and it admits a unique Levi component Mp (also defined over Q) containing 
Mq. We call Mp a semi-standard Levi subgroup of G and denote by C the set of semi- 
standard Levi subgroups of G. Any M E C is isomorphic to GL(mi) x ■ ■ • x GL(mr.) with 
1711 + ■■ ■ + ttTt — n. As a lattice C is isomorphic to the partition lattice whose elements are 
the partitions of {!,... ,n}, ordered by refinement. We will use superscript M to denote 
notation pertaining to M . For example, is the product of the a's corresponding to the 
GL(mj)'s and P^ is the Plancherel measure with respect to M, etc. We also set au to 
be the orthogonal complement of in a. Similarly, we write a* = © (a^^)*. For any 
// e a* we write // = + A*^ corresponding to this decomposition. 

Lemma 3.1. Suppose that M ^G. Then 

/3^^(A*0(l + l|A||) = O(/3(A)), Aeia*. 

Proof. Passing to a larger Levi subgroup M only strengthens the inequality. Therefore, we 
can assume without loss of generality that M is maximal. By conjugating M and A by a 
Weyl element, we can assume that M is a standard Levi isomorphic to GL(A;) x GLin — k), 
k >1. In this case, 

m-pi^'') n (i+iA.-A,i). 

{hj)'^^i^k<j<n 

It remains to observe that 

1 + I|A|| = 0( n (l + |A^-A,|). 

{hj)-^^i^k<j<n 

In fact, 

l|A||=0( Yl |A.-A,l), 

{hj)-^^i^k<j<n 

simply because the linear map A 1— > (Aj — Xj)i<i<k<j<n from a* to R''^"'"'^) is injective. □ 

3.3. For each A G let /(A) be the unique spherical irreducible subquotient of the induced 
representation Indp^^^^(e^'^'^*^'^^). Set 

•^un = {A G : /(A) is unitarizable}. 
It is known that ||ReA|| < ||p|| for any A € 0*^. 
Note that for any M e £ we have 
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For any w eWlet j.^ be the ±-eigenspaces of w ona*. It is well-known that = 
where My^ is the smallest M & C such that w belongs to the Weyl group Wm of M 
(cf. [Art82b, p. 1299], [OT92, Theorem 6.27]). Define 

(C^ {>^e a-c-wX^ -A} = _i + ia^ +i = a^; _i + io^^. 

Since every unitarizable representation is isomorphic to its hermitian dual, and since /(A) ~ 
/(A') if and only if A' is in the Weyl orbit of A, we infer that 

For any M e C define 

'^un,gM — '^un \ %m,CM- 

3.4. Consider now the principal congruence subgroups. Let 

Ar = JJ/p, rp>0. 
p 

Set 

Kp{N) = {ke G{Zp) ■.k = l mod p'^Zp} 

and 

Kf{N) = U,^^Kp{N). 

Then Kf{N) is an open compact subgroup of G{Af). The determinant defines a map 
which fibers AgG{(Q)\G{A)/ Kf{N) over 

M+Q*\A7 Y[{r e Z; : a = 1 mod p'^Zp} ^ (Z/NZ)*. 

V 

The fiber of any point is SL(n, M)-invariant, and as an SL(n, M) space isomorphic to 

SL(n, Q)\ SL(n, A) / (SL(n, A) n K^iN)) . 

By strong approximation for SL(n) we have SL(n, A) fl (SL(n, M) • Kf{N)) — T{N), where 
r(^) ^ SL(n, Z) is the principal congruence subgroup of level N. Thus each fiber is 
isomorphic to r(A'")\ SL(n, M), and therefore 

(3.8) AGG{Q)\G{A)/Kf(N)^ \J (r(7V)\ SL(n, R)). 

(Z/ATZ)* 

We fix a Haar measure on G{Af). This defines a Haar measure on Ag\G{A) through 
Ag\G{A) — AG\G(R.)G{Af) and our previous choice of Haar measure on 74g\G'(R). On 
any open subgroup of G{Af) we take the restricted measure. Note that the expression 
vol{AGG{Q)\G{A)/Kf) does not depend on the choice of Haar measure on G{Af). 
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4. The method of Duistermaat-Kolk-Varadarajan 

Our strategy to prove Theorem 1.1 is to use the method of Duistermaat-Kolk-Varadarajan 
[DKV79], in conjunction with Arthur's (non- invariant) trace formula [Art 78] which replaces 
the Selberg trace formula in the non-compact case. Arthur's trace formula is an identity 
of distributions 

(4.1) Jgeo(/) = Jspec(/), / e C^(G(Ay). 

The distributions Jgeo and Jgpec will be recalled in §5 and §6 respectively. We apply the 
trace formula identity to a certain class of test functions described below. In order to 
apply the argument of [DKV79], the main technical difficulty is to show that, in a suitable 
sense, the main terms in the trace formula, in both the geometric and the spectral side, 
are exactly those which occur in the compact case. 

To make this more precise, fix a compact open subgroup Kf of G{Af). We assume that 
Kf C Kf{N) for some > 3. For /i e C~(a) we define J^{h) to be the restriction to 
G{Ay of the function B{h) ® on G{A), where B{h) is defined by (3.2) and is the 
characteristic function of Kf in G{Af) normalized by vol(A'j)~^. For t > 1 let /ij G G^{a) 
be defined by ht{X) = f'h{tX) for X G a. We have ht = h{t^^-). Also, for jj, G ia* we set 
h/j, — he~^^'''^. (Hopefully, this does not create any confusion with the previous notation 
ht.) Finally let ht,^, = (ht)^ so that ht,^, = h{t~^{- - ^)). 

Throughout the rest of the paper let d = dim X and r = dim a. For jj, E and t > let 

Btiii) = {v e a^: \\v - < t} 
be the ball of radius t around /j,. If t = 1 we will often suppress it from the notation. 
Also, for h e G^{a) we set 

M{h){X)^ max \h{iy)\ and N{h) ^ I P{X)M{h){X) dX, 

i/GSi+IIpIiCA) 

where /9(A) is defined by (3.4). We need the following auxiliary result. 
Lemma 4.1. For h G C^(a) , t>l, and /j, G ia* we have 

(4.2) Af{htJ^Of,{VP{t,pi)). 

Proof. For i > 1 and /U G io* we have M{ht,ij,){X) < M{h){t~'^{X - ij)). Hence 
^f{h) < I P{X)M{h){t-\X - n)) dX^f I P{tX + n)M{h){X) dX. 

Jia* Jia* 

By (3.7) we get 

m + //) = oimxiii)) = o((i + II A||)<^-'-^(t, /.)). 

The lemma follows since for any A" G N we have M{h){X) = 0/i,Ar((l + ||A||)~^) for 
A G ia*. ' □ 
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Let Q C ia* be a bounded open subset such that dQ — Q\Q is piecewise C^. For i > let 
to, ^ {tji: ji e Q}. 

The following Propositions will be proved in §5 and §6 respectively. 
Proposition 4.2. We have 

(1) There exists a neighborhood uq of in a such that 

JUHh)) = 0{N{h)). 

for all h G C^(a) supported in uq. 

(2) For every such h we have 

I J^eoiHK)) rf/^ = vol(G(Q)\G(A)i) / T{h,){l) dii + Ou,n{t''-\\ogtr^^^'^^) 
as t —>■ oo. 

Analogously, 

Proposition 4.3. We have 

(1) J.pec{^{h)) = JdU^Fih)) + 0{X{h)) for every h E C~(a) where 
(4.3) W{h))^ E dim(7if)A^(A.^). 

7rGndi,(G(A)) 

(2) Itn Jspeci^ih^j,)) d/i = J^^ Jdisi^ih^j,)) d/j, + Oh,n {f^'^ logt) as t ^ oo. 
Using (4.1) and (4.2) we infer 

Corollary 4.4. For every h E C^(a) supported in ujq we have 

(1) ■^dis(-^(^)) = 0{J\f{h)). In particular, for /i E ia* and t > 1, we have 

Jdis{Hht,^.))^On{rp{t,^J,)). 

(2) J^^J^UHK)) dix = vol(G'(Q)\G'(A)i)/^^^(/i^)(l) dii + Ou,^{t''-\\ogtr^^-^^)) 
as t ^ oo. 

In the rest of this section we will prove the main Theorem using Corollary 4.4. We first 
rewrite the expression for J^is as follows. There exist congruence subgroups Fj C G(M), 
i — 1, . . . ,1, such that 

I 

AGG{Q)\G{A)/Kf = □(FAG(M)^). 

i=l 

Let Adis(Fj) C be the (symmetrized) spectrum of the algebra of invariant differential 
operators of SL(n, M) acting on the discrete subspace L^ig(Fj\X) of the Laplace operator 
on Fj\X. For A E Adis(Fj) let mi(A) denote the dimension of the corresponding eigenspace 
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normalized by the size of the orbit of A under W (cf. [DKV79, (3.25)]). If A ^ Adis(ri) set 
mi(A) =0. Finally, set 

I 

Adis = Adis(i^/) := U^=iAdis(ri), m(A) = ^ mi{X). 

i=l 

By the well-known relation between automorphic forms and automorphic representations 
we get 

m{X) = dimTif 

for any A G and therefore 

(4.4) J,Unh))^ E rniXyh'^iX). 

XeAdisiKf) 

For any bounded subset Q C we set 

m(n) = m(A). 

Then 

(4.5) Yl dim (n^) ^m{tn). 

7rendi,(G(A)) 

Following [DKV79] we first establish a bound on the spectrum near a given point // e a*. 
For this we will only use the first part of Corollary 4.4. 

Proposition 4.5. We have 

m{Bt{i,)) = 0(t'P{t,i,)) 
for all II e ia* and t > 1. More precisely, for /i E a* we have 

m{{u e ac : ||Im u - ii\\ < t}) = O (f(5{t, /x)) . 

Proof. First note that the second part follows from the first one since Re A is bounded if 
m(A) > 0. We will prove the first part for ii e ia^ by induction on the co-rank of M. (The 
case M — Mq is the statement of the Proposition.) For the case M — G, we have /i — 
and we argue as in [DKV79, Proposition 6.4]. Fix h e C~(A)^ of small support such that 
^ > on and \h\ > 1 on B{0) ([ibid., Lemma 6.2]). Then m{Bt{0)) < Jdisi^ih)), and 
Jdis{^{ht)) = 0{t'^) by Corollary 4.4. We deduce the case M = G. 
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For the induction step we proceed as in the proof of [ibid., Proposition 7.1].^ Let h be as 
before. Then ht^^ > on Ohin,cM > 1 on Bt{ij). Thus, 

\JAis{^{K^))\ = I m(A)V(A > m{Bt{^) n o;;^^cm) 

- MA)|Qa-/.)|. 

Hence, 



Wc will bound each of the terms on the right-hand side separately. For the first term we use 
Corollary 4.4. To bound the other two terms consider with w ^ Wm-i or equivalently. 
My, % M. We have 

where M' e £ is generated by M and M^^,. Therefore the kernels of the maps (z/, /x) i-^ 
v — ji^v — iiM' from X ia^ to coincide. It follows that — — //||) 
for 1/ e a* and /i G ia^. In particular, there exists c such that -Bt(//) n = unless 
\\^^ II < ci, and in this case 

Bt{ij) n a; c S,,(//M') n a;. 
Therefore, either m{Bt{^J^) r\ a*^) = 0, or 

m{Bt{^l) n a;) < m(5,i(/iM')) = 0{f~^{t, ^^M')) = 0{fp{t,^i)) 
by the induction hypothesis and (3.7). Since a^n.gM — ^w^WmKu obtain 

m(Si(//)no:„,gM) = 0(iW,//)). 

Therefore for any N > 0, J^xea" m{\)\h{t^^ {\ — fj.))\ is bounded by a constant multiple 
of 

oo / oo \ 

Ym{B,M n al,gM)^-^ = O E ^"''^'■^^/^(^t,/^) ■ 
fc=l \fc=l / 

For iV sufficiently large, this is 0{t^P{t, n)). This completes the induction step and the 
proof of the Proposition. □ 

Corollary 4.6. m{Bt{0)\ia*) = 0{t'^-'^). 



^The formulation of Proposition 4.5 is slightly stronger than [DKV79, Theorem 7.3]. This makes the 
induction step a bit smoother. 



SPECTRAL ASYMPTOTICS 17 

Indeed suppose that A e a*^ fl with w ^ 1. Then Re A is bounded while ImA e a]^^ 
and My,^ Mq. Thus, 

m{Bt{Q) \ia*) < m{Bt{Q)r\ia*M + C) 

for some compact set C of a^- Each of the sets -6^(0) fl io^ -\-C, M ^ Mq, is covered by 
0{f~^) balls of bounded radius whose centers are in -Bt(O) fl ia^. The corollary follows 
from Proposition 4.5 since //) = Ofl(||//||'^~''~^) for ji G io^. 

We are now ready to prove Theorem 1.1. Let Q C ia* be a bounded domain with piecewise 
boundary. Fix h G C^(a)'^ with /i(0) = 1. Using (4.4) and the second part of Corollary 
4.4 we get 

m(A) / h{\-ii)dii^Yo\{G{Q)\G{kf) f J^(h^)(l) dii + O {t'-'ilogtr^'-^''^) . 

as t — > oo. By Plancherel inversion 

/ J-{h,){l)di,= I [ [ h{X-i,)(5{X)dXdi,. 

Note that vol(G'(Q)\G'(A)i) vo\{Kf)-^ = vo\{G{Q)\G{Ay /Kf). As in [DKV79, §8] we will 
show that 

(4.6) [ I h{X-fi)P{X)dXdfi- [ P{X)dX = 0{t'^-^), 
Jtn Jia* Jtn 

(4.7) ^ m(A) /" h{X- ii) dii-m{tQ)^0{t'^~^). 

AeAdiB "^^^ 

From the description of the residual spectrum ([MW89]) it follows that Adis\ Acus Q (C^\\(X*. 
Therefore, in view of Corollary 4.6 we can replace A^is by Acus in (4-7). Altogether, this 
gives Theorem 1.1 by (4.5). 

To prove (4.6) we can write its left-hand side as 

(4.8) / [ H^- /^)/5(A) dfidX- [ [ h{X - /i)/3(A) dfi dX 
Jtn' Jtn Jtn Jtn' 

where Q' is the complement of ft in ia* (cf. [DKV79, p. 84]). For k > let 

di^{til) = {z/ e ia* : inf^ll^ ~ I^W ^ f^}- 

By separating the integrals in (4.8) into shells A; — 1 < ||A — < A;, A; e N, we can bound 
the sum by 

V / / \h{X - ii)\(3(X) dii dX. 
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Using (3.3) and the rapid decay of h, for any N > this is bounded by a constant multiple 
of 

oo 

Y,k-^k'Yol{dk{tn)){k + t)'^~'. 

k=l 

Since Q has a piecewise boundary wc can cover dk{t^) by 0{t^~^) balls of radius k and 
(4.6) follows. Similarly, we write the left-hand side of (4.7) as 




We proceed as above and divide the domains tQ x tQ', tQ' x tQ and (o^ \ io*) x tQ into 
shells k — 1 < ||A — < k, k E N, and estimate the corresponding sum-integral on each 
shell. In this way we bound (4.9) by 

oo 

J2k-''{m{dkm)+m{Bn(^k+tm\ici*W 

k=l 

where R is such that Q C -Bi?(0). We can now use the condition on dfl, Proposition 4.5 
and Corollary 4.6 to infer (4.7). 

Next we show that Theorem 1.1 implies Corollary 1.2. Let fl C io* be as in Theorem 1.1. 
If Kf equals the principal congruence subgroup Kf{N) then it follows from (3.8) that 

7rGncus(G{A)) AeAcus(r(Ar)),Aetn 

and 

yol{G{Q)\G{A)^/Kf{N)) = ip{N)vol{T{N)\X) 
where (p{N) = #[(Z/iVZ)*]. Thus, Theorem 1.1 in this case amounts to Corollary 1.2. 

Corollary 1.3 is derived from Corollary 1.2 exactly as in [DKV79, p. 87-88]. Note that the 
main term in Corollary 1.2 differs from that of [DKV79, Theorem 8.8] by a certain factor 
ct{G) ([ibid., (8.12)]). This is because of the different normalization of measures on X and 
ia*. This has no effect on Corollary 1.3 where (as in [ibid., (8.33)]) it is assumed that both 
the volume and Laplacian are with respect to the same Riemannian structure. 

Remark 1. All the Propositions in this section carry over, in the obvious way, to groups 
which are products of GL(m)'s. The proof of Proposition 4.5 depends on the validity of 
Propositions 4.2 and 4.3. Proposition 4.2 will be proved in the next section. We will prove 
Proposition 4.3 in §6 below by induction on n. The induction hypothesis, together with 
the validity of Proposition 4.2 guarantees the validity of Proposition 4.5 for any proper 
Levi subgroup of G. 
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5. The geometric side 



In this section we study the geometric side Jgco of the trace formula and prove Proposition 
4.2. By the coarse geometric expansion we can write Jgco as a sum of distributions 

oeo 

parameterized by semisimple conjugacy classes of G(Q). The distribution Jo(/) is the value 
at T = of the polynomials Jj{f) defined in [Art 78]. In particular, following Arthur, we 
write Junip(/) for the contribution corresponding to the class of {1}. 

The first step is to show that it suffices to deal with Junip(/)- 

Lemma 5.1. Let Kf[N) he a principal congruence subgroup of level N > 3. There exists 
a bi-Kfx, -invariant compact neighborhood cu of Kf{N) in G(A)^ which does not contain any 
X e G(A) whose semisimple part is conjugate to a non-unipotent element ofG{Q). 

Proof. Taking the coefficients of the characteristic polynomial gives rise to a conjugation 
invariant algebraic map from G to the affine n-space, and therefore to a continuous map 
q : G{A) — > A". Let T — q{Koo ■ Kf). The discreteness of Q" imphes that there exists a 
neighborhood u; of Koo • Kf such that 

q(u;) n Q" C T n Q". 

By passing to a smaller neighborhood we can assume that cj is bi-ifoo-invariant and com- 
pact. 

To prove the Lemma it suffices to show that 

(5.1) TnQ" = {g(l)}. 

Indeed, if the semi-simple part of x G u; is conjugate to 7 G G(Q) then q{x) = 5(7) G 
g(cj) n Q"^ C T n and therefore by (5.1) 9(7) = g(l) so that 7 is unipotent. 

To show (5.1), let / be a monic polynomial over Q with coefficients in T. Since Tp C 
for all p, we infer that / has integral coefficients, so that the roots of / are algebraic 
integers. Moreover, by the condition at 00, the roots of / have absolute value 1. It follows 
from Dirichlet's unit theorem, that the roots of / arc roots of unity. Let g G Kp{N). 
Then g — 1 & NMn{^p) and therefore the roots of the characteristic polynomial of g are 
congruent to 1 modulo N in the ring of integers of the algebraic closure of Qp. Thus, the 
roots of / are roots of unity which are congruent to 1 modulo N in the ring of integers 
of the corresponding cyclotomic field. By Serre's lemma ([Mum70, p. 207]) they are all 1, 
and (5.1) follows. □ 

Corollary 5.2. Let uj he as in Lemma 5.1 and suppose that f G C^(G(A)^) is supported 
in UJ. Then 

Jgeoif) ~ <Aimp(/)- 
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Proof. Let o E O. By [Art78, Theorem 8.1] the distribution Jj(/) is given by 



Ji if) = / Jo /) dx, 

JG(Q)\G(A)1 

where jj{x,f) is defined in [ibid., p. 947]. It follows from Lemma 5.1 and the definition 
ij{x,f) that Jj 



of jj{x, f) that Jj{f) — unless o corresponds to {1}. □ 



To analyze Junipif) we use Arthur's fundamental result ([Art85, Corollaries 8.3 and 8.5]) 
to express Junip(/) in terms of weighted orbital integrals. To state the result we recall some 
facts about weighted orbital integrals. Let S he a, finite set of places of Q containing oo. 
Set 

v€S ves 
Let M e C and 7 G M(Q5). The general weighted orbital integrals JM{l,f) defined in 
([Art88]) are distributions on G{Qs)- Let 

and write C'^{G{'Q^sY) for the space of functions on (^(Qs)^ obtained by restriction of 
functions in {G{'Q^s)) ■ If 7 belongs to the intersection of M(Q5) with (^(Qs)^, one can 
obviously define the corresponding weighted orbital integral as linear form on C^(G(Qs)^). 
Since for GL(n) all conjugacy classes are stable, the expression of Junip(/) in terms of 
weighted orbital integrals simplifies. For M G £ let (Z^m(Q)) be the (finite) set of unipotent 
conjugacy classes of M(Q). Then by ([Art85, Corollaries 8.3 and 8.5]) we get 

(5.2) J„nip(/) = vol(G'(Q)\G'(A)^)/(l) + ^ ^ a^'iujJuiu, f) 

MeCue{UM{Q)) 

for / e C^{G{Qsy), where a^{u) are certain constants which we fortunately do not need 
to worry about for the purpose of this paper. 

Thus, by (3.3), in order to prove Proposition 4.2 it suffices to show that for every M, 
u e 14m{Q.) and h e C^{a) with supp/i C uq, 



(5.3) Jm(m,^(/i)) =0\^j^ IMA)|/9(A) d\ 
and if fl is bounded with a piecewise boundary then for all M ^ G, u & Um 

(5.4) / Jm{u, T{h^)) di^^O {t''-\logtr^^'+'''^) 
as t — s> 00. 

Before studying the distributions Jm{u, f) we first examine a special case of unipotent 
orbital integrals. Recall that any parabolic subgroup P of (any reductive group) G has 
an open orbit on its unipotent radical Np (acting by conjugation). The corresponding 
conjugacy class Op = Op in G is a unipotent orbit which is called a Richardson orbit. 
We have dimCp = 2dimArp ([CM93, Theorem 7.1.1]). For G = GL(n), all orbits are 
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Richardson ([ibid., Theorem 7.2.3]) and G{F) (resp. P{F)) acts transitively on Op{F) 
(resp. Np{F) n Op{F)) over any field F. 

The following Lemma is probably well-known but we were unable to locate a convenient 
reference in the literature. 

Lemma 5.3. Let P = MN be a parabolic subgroup of G — GL(n). Then the orbital 
integral of f e C'^{G{Qs)) along Op{Qs) is given by 



f{k ^uk) du dk 

iKs JN{Qs) 

where Ks is the maximal compact subgroup of G{Qs). 

Proof. Fix a representative u e Op{Qs) n N{Qs). Then, denoting by the centralizer 
of in if, we have 

dim = dim G — dim Op = dim G — 2 dim — dim P — dim — dim G^. 
We can therefore write the orbital integral as 

/ / f{k-^p-^upk)5p{p)-^ dp dk. 

Jks JcP{Qs)\PiQs) 

The map p i-^ p~^up is a submersion from P{Q,s) to N{Qs)- Therefore the functional 
g e G^{N{Qs)) ^ / g{p-'up)5{p-') dp 

JcPiQs)\PiQs) 

is absolutely continuous with respect to the Haar measure of N{Qs). Since the orbit of 
u under P{Q,s) is dense in N{Qs), the only absolutely continuous measure /j, on N{Qs) 
satisfying jjL{Ad{p)f) — 5{p)jjL{f) is the Haar measure. The Lemma follows. □ 

We fix an open compact subgroup Kf C G{Af) with Kf C K{N), N >3 and put 

K = K^- Kf. 

Let uj be as in Lemma 5.1. Note that there exists a neighborhood c^'o of in a such that if 
h e C^(o)^ is supported in ujq then / = J^{h) is supported in uj. Let 5* be a sufficiently 
large set of places containing oo and the primes dividing N . 

The distributions Jui'-if) are based on the usual orbital integrals studied by Harish- 
Chandra and Ranga-Rao. Unlike in the case n = 2, their Fourier transforms are not 
explicit in general, so wc cannot argue as in §2 (cf. (2.3)). Instead, following Arthur, we 
write Jm(-,/) in terms of weighted orbital integrals, namely as the expression on top of 
p. 256 in [Art88] ^. In the case where 7 is unipotent, that is, cr = 1 in the notation 
of [ibid.], the formula simplifies since the outer integration disappears and only Q — G 
contributes. (Note that the function v'q vanishes on K unless Q = G.) The derivation of 
[Art88, p. 256] is based on an expression of the invariant orbital integral in M{Qs) and 
in particular on the formula on [ibid., p. 246]). In our case all unipotent orbits of M are 



^Note the following typo: v2[ should be replaced by w^. 
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stable and are of Richardson type. Therefore, any unipotent u of M(Q) belongs to Oq^j^ 
for some parabolic Q of G and we can use Lemma 5.3 instead of [loc. cit.] to simplify the 
expression for Jm to 



Jm{uJ)= / / f{k ^xk)wM{x) dx 



K JU 



where U is an appropriate compact subset of Nq{'Q^s) (depending on the support of /) 
and the weight function Wm{x) is described in [ibid., Lemma 5.4]: it is a finite linear 
combination of functions of the form ni=i ^^S where Pi are polynomials on N 

into an affine space, Vi & S, i — 1, . . . ,r (not necessarily distinct) and 



ll(yi,---,yr, 



max(||/i|.„, . . . , t; < oo, 

\yi\l + ■ ■ ■ + \ym\l, v = oo. 



(The fact that the product is over r terms is implicit in [loc. cit.] but follows from the 
proof.) Using the Plancherel theorem, and viewing (px as a function on Nq[Qs) depending 
only on the Archimedean component, we have 

JM{u,J^{h)) = ^ h{X)P{X) (^j^WM{x)ij{x)(f>-x{x) dx^ dX 

where ip{x) — lKf{k~^xk) dk. Since \4>x\ < 1, the inner integral is majorized by 

\wm{x)\ dx, 



u 



which converges by [Art88, Lemma 6.1], and (5.3) follows. 
Now, by a change of variable we can write 

JM{u,T{h^))^ h{X)(3{X + n) (^j WM{x)ip{x)(f)^x-n{x) dx^ dX. 

It follows from [ibid.. Lemma 7.1] that for some a > we have 

/ \wm{x)\ dx ^ O (e-'''"~) . 



Taking R — (logt)^ we get 



/ WM{x)i){x)4)-x-p.{x) dx = / WM{x)i){x)(\)-X-ix[x) dxArOiXjt) 
JU JUt 

where we set Ut — {x & U : \wm{x)\ < a(logi)^}. Therefore, using (3.3) and (3.6) we 
obtain 

Jm(«,^(M) = I h{X)(3{X + fi) WM{x)iP{x)<f>_x-^.{x) dx^ dX + O ((1 + WfiW'-n/t) • 
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In order to prove (5.4), we use Harish-Chandra's formula for the spherical function (3.1) 
to write JM{u,T{hfj)), up to an error term of O ((1 + ||A*||'^~^)/i) as 

I h{X) I I e^-^+P'"^''''^>WM{x)ip{x)P{X + yr^)e-<'*'^('=^)) dx dk dX. 

Jia* Jro^ Jut 

Integrating over tfl and interchanging the order of integration, we obtain that up to an 
error of order 0{t^~^~^), the left-hand side of (5.4) is equal to 

f I h{\) I I e<-^+'''^(*^^)>WM(a;)^(x) I f3{X + tn)e-'^'''"^''''^^ dfx dx dk dX. 

We first estimate the integral over Q. The trivial estimate using (3.3) and (3.6) gives 
0((||A||-|-t)'^~''). To go further, fix a regular ^ £ a* and let p be the outward pointing normal 
vector field at the boundary dQ. Let k G and x G N(R) be such that H{kx)) ^ 0. 
Then by the divergence theorem, we get 

I j3{X + t/x)e-*<'*'^('=^)> dn = ~| f (3{X + t/x)D^e-*<'^'^('=^)> dfx = 
We estimate the integrands on the right-hand side by (3.5) and (3.3) respectively. We 



obtain 



/ {D^P){X + t/x)e-*<^'^('=")> di^ = 0{l + WXlf-"^-^ + t'^-''-^) , 
Jn 

f (3{X + ta)e-*<'^'^('=")> da = 0{l + ||Af + t''-'') . 

Jan 



Thus, 

Set F{k,x) = {^,H{kx)) on K^xU and for any e > let = {{k,x) E x U 
\F{k,x)\ < e}. Similarly for V>e. 

It follows that the left-hand side of (5.4) is majorized by 

dy 



(5.5) 0(t'^(logt)'-) / |MA)|(l + ||A||)'^-^dA (vol(Kc,)+ / 

^a* V Jv>. 



t\F{y)\ 



uniformly for e > 0. 

Next, we study the critical points of F on x Nq{R). Let Kl = K^n Q{R). Note 
that Kl acts on x Nq(R.) by the free action m{k,x) — {km~^ , mxm~^) , and that 
F is invariant under this action. The following Lemma (and its proof) hold for any real 
reductive group. 
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Lemma 5.4. F is a Morse function on Kl\{K^ x A^q(R)). Its critical points are the 
cosets Kl{w, 1), w e W. 

Proof. Let Qi be the Lie Algebra of Gi(M) = SL(n, M), and let gi = 6 © p be the Cartan 
decomposition. We will write (•, •) for the Killing form of Qi and use it to identify a* with 

a. Suppose that (k, x) is a critical point. In particular, is a critical point for the function 
F{-,x). By [DKV83, Lemma 5.3] this means that kx G AK^l^. Let Ug denote the Lie 
algebra of Nq{R) and we use the notation Fx, X e € ©Uq for the X-directional derivative. 
Then for any Y e viq 

= FY{k,x) = ^ {^,H{kexp{tY)x)) = (e,^(-))AdWy (^^)' 

where the latter denotes the directional derivative along Ad{k)Y of the function H(-)). 
By [DKV83, Corollary 5.2] and the fact that kx e AK^ we get 

0=(e,Ad(A:)F). 

Thus, X := Ad(/c"^)^ e Uq ft p = ttiq n p. Therefore, there exists k' G Kl such that 
^' = Ad{k')X e a. In particular, ^' G proj^(Ad(i^^)-^^) and ||^'|| = ||^||. On the other 
hand, by Kostant's convexity theorem [HelOO, p. 473] it follows that proj(j(Ad(iir^)~^^) 
equals to the convex hull of w^, w G W. We infer that ^' — W^^ for some w. Therefore, 
k G CK{i)wk'. Since ^ is regular, Ck^O = Ck{A) C Kl and thus k G WKl- Write 
kx = aki and k = wk2 with a & A and ki G and k2 G K^. The equality afci = wk2X 
gives w~^ki = a'x'k2 where a' = w~^a~^w G A and = k2xk2^ G iVQ(M). By the 
uniqueness of the Iwasawa decomposition we obtain x' — 1 and therefore n = 1. 

Consider the Hessian as a symmetric bilinear form on the tangent space tL\t © Uq. Note 
that the Killing from defines a perfect pairing on xxq x tL\t. Since F(wk, 1) = 1 for all k, 
tL\t is totally isotropic for the Hessian. For F G Uq we get as above 

Fyiwk, 1) = I (e, Hiwke''')) |,=o = I (e, i7(e*^<^(-^)^)> |,=o = (C, Ad(«;fc)r) . 
Thus, for X G tiX^ wc get 

Fxy(w, 1) = (C,Ad(w) ad(X)F) = (Ad(w)-ie, ad(X)F> = (ad(AdH-^0^> ^> • 
Hence, the Hessian is not singular since ad(Ad('u;)~^^) is non-singular on rig. □ 

The estimation (5.4) will follow from (5.5) by taking e — 1/t and using the following 
Lemma applied to F. (Note that dimug > 1 unless n — 2.) 

Lemma 5.5. Let X be an orientahle manifold of dimension m > 2 with a nowhere van- 
ishing differential m-form, and let dx he the corresponding measure. Let f he a Morse 
function on X. Then for any compact Y (1 X 

yol{x G Y : \f{x)\ < 6} = O (5(- log^)") 

J{xeY:\f{x)\>S} \J[^)\ 
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for S < ^, where r) — 1 ifm — 2 and rj — otherwise. 

Proof. The question is local. Therefore, by the Morse Lemma it suffices to consider the 
following 3 cases. 

(1) / ^ on Y. 

(2) X = M"^ and f{x) = xi. 

(3) X ^W^,m = p + q and 

f{x, y) = - bl^ xeW, ye M^. 

The first case is trivial. In the second case the volume is bounded by S while the integral 
is bounded by — log 5. Consider the last case. U pq = the volume is the volume of a ball 
of radius VS which is 0(6"^^'^). The integral reduces to 

/ -X^dx^odl r"^-V-2 dr) =0(-log5). 

For > the volume of the intersection of the unit disc with 

{[x,y) : X e M^y e - \y^\ < 6} 

is given by a constant multiple of 

rP-^s"-^ dr ds. 



! 



'0<r,s<l:|r2-s2|<5 

If p = g = 1 then this is majorized by 



/ 

Jq< 



dx dy — 5 — 5 log 5. 

I Q<x ,y<l:xy<5 

Otherwise, it is majorized by 

/ X + y dx dy < S 

J 0<x,y<l:xy<S 

Similarly, the integral reduces to 

1 

dx dy. 



I 



Using polar coordinates for x, y, we obtain 



x\^ — \y\ 



0<r,s<l ||'2 g2\ 

r2-s2|>5 ' ' 



dr ds. 



For p = q = 1 this is majorized by 

•1 rl .h.. rl 



xy>S 



-dxdy= [ {[ ^) ^ = / (logx - log 5) ^ = klogSr. 

o<x,y<i xy Js Js/x y X Js X 2 
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Otherwise, it is majorized by 

f dxdy^2 f (f ^) dx = 2 f (logx - log (5) dx < -2 logS 

Jo<x,y<i xy Js Jsi^ y Js 

xy>o ' 

as required. □ 
This concludes the proof of Proposition 4.2. 

6. The spectral side 

In this section we analyze the spectral side of the trace formula for G = GL(n), follow- 
ing [Miil07]. By [MS04, Theorem 0.1], the spectral side Jgpec is given as a finite linear 
combination 

Jspec(/) = Jdis(/) + Yl E «M,.Jm,.(/), /eCr(G(A)l), 

MeC:M^G seW{aM) 

of distributions Jdis and Jm,s- To describe these distributions, we need to introduce some 
more notation. Fix M E C and let V{M) be the set of parabolic subgroups of G (necessarily 

defined over Q) for which M is a Levi component. For P G V{M), we write ap = aM 
and let A'^{P) be the space of automorphic forms on Np{A)Mp{Q^)\G{A) which are square 
integrable on Mp(Q)\Mp(A)i x K [Art82a, p. 1249]. Given Q e V{M) let, M/(ap, ag) be 
the set of all hnear isomorphisms from ap to which are restrictions of elements of W. 
For s e VF(ap, (Xq) let 

Mq|p(s, A) : A\P) ^ A\Q), X e a;,,c, 

be the intertwining operator [Art82b, §1], which is a meromorphic function of A e a*pQ. 
Set 

Mq|p(A) :=Mq|p(1,A). 
Fix P e V{M) and A e ia^- For Q e V{M) and A e ia^ define 

MgiP, A, A) = Mq|p(A)-^Mq|p(A + A). 

Then 

(6.1) {TlQiP, A, A) : A G ia*M, Q G P(M)} 

is a {G,M) family with values in the space of operators on A^{P) ([ibid., p. 1310]). Let 
L E jC with L D M. Then the (G, M) family (6.1) has an associated {G, L) family 

{aHQ,(P,A,A):AGial, QieV{L)} 

[ibid., p. 1297]. For a parabolic group P let 

ep{X) = vol(ap/Z(A^))~' Yl X{a^), X e ia*p, 

aeAp 
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where Z(A^) is the lattice in ap generated by the co-roots a^, a e Ap. Then 

QlG-P(L) 

extends to a smooth function on io^- In particular, set 

M4P,A):=9J14P,A,0)= Km ( J] vol(aQ,/Z(A^J)MQ|p(A)-i^^^^^^^^ 

where for each Qi e V{L), Q is a group in V{Mp) which is contained in Qi- Let p(P, A) 
be the induced representation of G(A) on A (P). Then the distribution Jm,s is given by 

(6.2) Jm,sU)= I tr{mL{P,X)Mp\p{s,0)p{P,X,f)) dX 

Jial 

where L is the minimal Levi containing M and s and P is any element of V{M). By [MS04, 
Theorem 0.1] this integral is absolutely convergent with respect to the trace norm. (See 
[FLM] for a more general result, where the independence of the above expression on P is 
also explained.) Implicit here is that OJIl(P, A)Mp|p(s, 0)p(P, A, /) extends to a trace-class 

2 

operator on A (P) for almost all A. Finally, Jdis(/) is defined to be Jg,i(/)- 

We will now show Proposition 4.3, arguing as in [Miil07, §5]. Fix Kj and let K = K^Kf. 
We can assume without loss of generality that h e C^(o)^. Let / = J^{h). We will expand 

(6.2) according to tt e ndis(M(A)-'^). For each such tt = n^o'Smf let «4^(P) be the subspace 
of A'^{P) of functions such that for each x G G{A), the function (f)x{Tri) := (l){mx), 
m G Mp(A), transforms imdcr Mp(A) according to the representation tt. Let Mq\p{s, it, A) 
and OJIl(P, tt, A) denote the restriction of Mq\p{s, A) and OJtL(P, A), respectively, to A'^{P). 
Let A%{7t)^ the subspace of i^-invariant functions. This is a finite-dimensional space. Let 
Uk be the orthogonal projection of Al{P) onto Ap{7r)^. Note that Ap{7r)^ — 0, unless the 
induced representation Ip^^}^{7r^) has a non-zero K^-&K.ed vector. Let A^^ e {a^)c/WM 
be the infinitesimal character of tToo. Then 

p(P,A,/) = MA,^+A)n^ 

on A%{n) and by (6.2) we get 

(6.3) JM,s{f) - J2 [ + A) tr (aJti(P, TT, A)Mp|p(s, tt, 0)n^) dA. 

7rendis(M(A)i) -^'"I 

In particular, for M = G we obtain (4.3) since L^jg(G(Q)\G'(A)^) is multiplicity free. 

To deal with the terms M ^ G we first recall the normalized intertwining operators. The 
normalizing factors rQ|p(7r, A), described in [Miil07, §5], arc given by 

^Q|p(7r,A)= Yl ra{7r,{X,a'^)), 
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where each ra(7r, •) is a meromorphic function on C which is given in terms of Rankin- 
Selberg L-functions. More precisely, if M has the form 

M = GL(ni) X • • • X GL(n^) 

with n — rii + ■ • ■ + rir then we can write ir — tti <S> ■ ■ ■ <^ T^r, where tTj G ndis(GL(nj, A)), 
and a root a corresponds to an ordered pair of distinct integers between 1 and r. The 
normahzing factor rai'K, s) is then given by 

/ X _ L{S, TTj X TTj) 

L{1 + S, TTj X TTjjeyS, TTj X TTj) 

where L{s,'Ki x nj) is the global Rankin- Selberg L-function and e(s, TTj x ttj) is the corre- 
sponding e-factor. 

The normalized intertwining operator is defined by 

A^Q|p(7r, A) := rQ|p(7r, A)-'MQ|p(7r, A), A e a^,c- 

For a Levi subgroup L let J-'{L) be the set of all parabolic subgroups containing L. Using 
the basic properties of {G,M) families ([Art82b, p. 1329]), one gets 

9Jr4P,7r,A)= 51'5(P,7r,A>f(P,7r,A), 

S&T{L) 

where the operator ^^^(P, vr, A) is obtained from the (G, L) family attached to Nq\p{t:, A) 
(cf. [Miil07, (6.10)]) and i/f(P, 7r,A) is defined in terms of the normalizing factors (see 
below). 

Therefore, by (6.3) Jm,s(/) equals 

[ MA.^ + A)z/f(P,7r,A)tr(Mp|p(s,7r,0)gt'5(P,7r,A)K) dA. 

7rendi,(M(A)i)5e.F(L) '''''I 

where ^^^(P, tt, A)k denotes the restriction of ^s{P,tt,X) to Al{P)^ . By [Miil07, (6.13)] 

||^n^(P,7r,A),,|| =0^(1) 

for all A e ia^ and tt G ndis(M(A)^). Since Mp|p(s, tt, 0) is unitary, Jm,s(/) is bounded by 
a constant multiple of 

(6.4) Y E ciim(^^(P)^) / |MA.^ + A)|-|i.f(P,7r,A)MA. 

7rendi,(M(A)i) S(ir(L) -^""l 

The function z/f(P, vr, A) can be described as follows. If P is a subset of T,{G, Am), let 
P/ = {a^ : a G P} (as a multiset). Suppose that S e V{Li) with Li D L. Then by 
[Art82b, Proposition 7.5] we have 

r;(7r, (A,«v)) 



^f(P,7r,A)=5]vol(a^VZ(P^^)).n 
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where F runs over all subsets of S(Li, Am) such that is a basis of The argument 
of [MiilOT, Proposition 5.1] in conjunction with [ibid., Lemmas 5.3 and 5.4] gives 

Jt r(7ri (8) 7r2,itj 
for all TTj e ndis(GL(mi, A)), i = 1, 2 and any T e R. Therefore, 

(6.5) / \vl{P, TT, A)| d\ = {\og\\\K^ + + 2)) 

7B(/i)nio* 

for any tt G ndis(M(A)^) and G ia^ where / = dim a^- On the other hand, upon replacing 
Kj by an open subgroup which is normal in Kf{l) — np<oo GL(n, Zp) we can use ([Miil07, 

(3.5) and (3.7)]) to obtain 

(6.6) E dim {Al{P)^) < [K,{1) : K,]mT'''^^\X) 

7rendi,(M(A)i):A,roo=A 

for any A G (a^^)* where nfi^l^^^^^^ measures the multiplicity with respect to the locally 
symmetric space M{F)\M{Kf / {Kf n M(A/)). 

Wc are now ready to prove Proposition 4.3 by induction on n. For /i G (af )* let fi^^(^) 
be the ball in (a^^)* of radius 1 with center fi. Using (6.6) and taking into account Remark 
1 (end of section 4) we can use the induction hypothesis to apply Proposition 4.5 to M to 
infer that 

(6.7) E dim(^^(P)^)=0(^^(/.)) 

7rendis(M(A)i ):Im eB^ (^) 

for any n G (a^)*. 

Let = Om n and denote by (a£^)"^ = (a^)* © its annihilator in a*. Let Z he a 
lattice in i{ajlf)-^ such that the balls B{ix) ni(a£^)"'", // G Z cover [{a^)'^- We estimate (6.4) 
by splitting the sum and the integral to the sets Im A^^ + A G -B(/i) fl 1(0^)"*", /i & Z, and 
recalling that ReA^^ < ||p^^||. We obtain that (6.4) is bounded by 

J2 max \h\ J2 E <ii^{K{Pf) [ Wl{P,Tr,X)\dX. 

By (6.5) and (6.7) this is majorized by 

(6.8) Yl max |/i|/3^(/.^0W(||/.|| + 2). 

Using Lemma 3.1, the series can be estimated by 0{N'{h)). Thus, JM,s{^{h)) = 0{M{h)). 
This gives the first part of Proposition 4.3. To show the second part note that for M 7^ G 
we have 

^1, ifn = 2; 

O + ly-'--'^) , otherwise. 
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Thus, by (6.8) we have 



On.,i{t'-Hog^{t + 2)), 
This concludes the proof of Proposition 4.3. 



//"■•'^"'''"*=10,.,„(i-'log(* + 2)), 



if n > 2, 
if n = 2. 
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